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Ongoing research:

Bayesian Model Selection:

mixture prior 

Degradation Analysis: 

trend gamma process (TGP), 

trend inverse Gaussian process (TIGP),

heterogeneity.

non-decreasing degradation analysis.

Optimal Design:

optimal design for TGP, TIGP.

EOP prediction of battery:

NASA battery, voltage decay data.
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

Reliability: reliability is the probability that a product can work.

Nowadays, for the highly reliable products, it is difficult to obtain
sufficient failure information (within a reasonable experiment time
period) to predict the reliability information.
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

In this situation, degradation analysis is an useful tool to predict the
product’s lifetime precisely, which is a methodology of analyzing the
product’s quality characteristics (QCs) to make a prediction, while the
QC is highly related to the reliability information and degrades over
time. (eg. light for LED)

In degradation analysis, the product’s lifetime can be denoted by the
first passage time when the degradation path crosses the pre-specific
failure threshold.
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

The stochastic process is usually used to model the observed QC or
degradation data. The widely used stochastic processes are:

Wiener process - the increments of degradation path are assumed to
be independent normal distribution. (Doksum and Hoyland, 1992;
Whitemore, 1995; Whitemore and Schenkelberg, 1997)

Gamma process - the increments of degradation path are assumed to
be independent gamma distribution. (Berman, 1981; Lawless and
Crowder, 2004; Park and Padgett, 2005; Wang, 2008; Pan and
Balakrishnan, 2011)

Gamma process (GP) is suitable for modeling the monotonic
degradation path. (strictly increasing or decreasing)
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

For the monotonic degradation path, some reasons may cause that the
degradation path appears the case of zero-increment. For example,

* when the experimenter want to obtain more data information within a
specified experiment period, they may increase the measuring
frequency up

* when the measuring instrument is too old to lack of accuracy, the
numbers of decimal digits of observations would be not enough

Such situations might lead to the occurrence of zero-increment in the
experiment. That is, the degradation path has a non-decreasing
property.

In this situation, GP model can not be applied to the non-decreasing
degradation data because of the definition of the GP model whose
increments of degradation path following a gamma distribution.
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Introduction and Motivation

Fatigue degradation path from Wu and Ni (2003).

The goal of this study is construct a degradation model to deal with
the non-decreasing degradation data.
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

We attempt to extend the GP model incorporated the mixture
distribution. Assume the increment of degradation path follows a
mixture distribution with a p chance of following a degenerate
distribution at zero, and a (1− p) chance of having a gamma
distribution, whic is so called the non-decreasing gamma process
(NGP) model.
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Non-decreasing Degradation Data Analysis on Gamma Process

Introduction and Motivation

Furthermore, we find that the non-decreasing phenomenon usually
occurs in the early period of the experiment and the decay will be
violent with the experiment tested time.

See the fatigue degradation path and proportion of zero-increment
from Wu and Ni (2003).
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Introduction and Motivation

Motivated by this situation, the probability p in the NGP model
should not be a constant. That is, the the probability p is
non-homogeneous. Such that, we treat the probability p as a function
of time t, namely p(t), to construct the non-homogeneously
non-decreasing gamma process (NNGP) model.
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Non-decreasing Gamma Process (NGP) Model

Non-decreasing Gamma Process
(NGP) Model
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Non-decreasing Gamma Process (NGP) Model

GP(α(t), β)

Let Y (tj) be QC at time tj , j = 1, . . . ,m, where m is the total
measurements. Suppose {Y (t)} follows the GP model, then

1. Y (0) = 0,

2. ∆Y (tj) = Y (tj)− Y (tj−1) ∼ Ga(α(tj)− α(tj−1), β),

3. {Y (t)} has independent increment.

Let observations y(tj) = yj ,∀j, then the likelihood function of
GP(α(t), β) model can be expressed as

m∏
j=1

∆y
∆αj−1
j e−∆yj/β

β∆αjΓ(∆αj)
,

where ∆yj = yj − yj−1 and ∆αj = α(tj)− α(tj−1).
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Non-decreasing Gamma Process (NGP) Model

Fatigue degradation path from Wu and Ni (2003).

*Measuring frequency is too high (interval arrival time is too short).
*Measuring instrument is not precise.

The mixture distribution is used to construct the non-decreasing
gamma process (NGP) model.
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Non-decreasing Gamma Process (NGP) Model

NGP(α(t), β, p)

Suppose the degradation process Y (t) follows the NGP model, then

1. Y (0) = 0,

2. Zj = Y (tj)− Y (tj−1) ∼ f N
j (z),

3. {Y (t)} has independent increment,

where Zj follow a mixture density function f N
j (z) with distribution

f N
j (z) = pI{z=0} + (1− p)z

∆αj−1e−z/β

β∆αjΓ(∆αj)
I{z>0},

and ∆αj = α(tj)− α(tj−1).

Yi-Fu Wang (CCU) Non-decreasing Degradation Data Analysis on Gamma Process2021/10/22 NCKU STAT 15 / 51



Non-decreasing Degradation Data Analysis on Gamma Process

Non-decreasing Gamma Process (NGP) Model

Suppose the observations {yj}mj=1 follow the NGP(α(t), β, p) model with
zj = yj − yj−1. Let δj be an indicator function with

δj =

{
1, zj > 0,
0, zj = 0.

Thus, the likelihood function of NGP(α(t), β, p) model can be expressed as

m∏
j=1

p1−δj

[
(1− p)

z
∆αj−1
j e−zj/β

β∆αjΓ(∆αj)

]δj
.
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Non-decreasing Gamma Process (NGP) Model

Suppose n degradation paths are independent each other. Let yi,j
represent the observation at time ti,j , for j = 1, . . . ,mi, i = 1, . . . , n with
zi,j = yi,j − yi,j−1. Define

δi,j =

{
1, zi,j > 0,
0, zi,j = 0.

Suppose the observation {yi,j ,∀i, j} follow the NGP (α(t), β, p), then the
total likelihood function can be derived as

L(θ|y) =

n∏
i=1

mi∏
j=1

p1−δi,j

[
(1− p)

z
∆αi,j−1
i,j e−zi,j/β

β∆αi,jΓ(∆αi,j)

]δi,j
,

where y = {yi,j , i = 1, . . . , n, j = 1, . . . ,mi}, ∆αi,j = α(ti,j)− α(ti,j−1).
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Non-decreasing Gamma Process (NGP) Model

Consider α(t) = atb. Hence, θ = (a, b, β, p) for the NGP (atb, β, p)
model. The MLEs for θ can be obtained as follows.

p: analytical form
β: analytical form
a: numerical optimization
b: numerical optimization

The analytical forms of p̂ and β̂ can be derived as

p̂ =

∑n
i=1

∑mi
j=1(1− δi,j)∑n
i=1mi

β̂ =

∑n
i=1

∑mi
j=1 δi,jzi,j∑n

i=1

∑mi
j=1 δi,j∆α̂i,j

.
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Non-decreasing Gamma Process (NGP) Model

The reliability inference for the NGP(α(t), β, p):

For the degradation process {Y (t)}, the product’s lifetime T is
denoted by the first passage time of crossing the pre-specific failure
threshold ω, then

T = inf{t|Y (t) > ω}

Suppose {Y (t)} follows the NGP(α(t), β, p), and
Zj = Y (tj)− Y (tj−1), then the corresponding indicator variable δ∗j is

δ∗j =

{
1, with probability 1− p,
0, with probability p.
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Non-decreasing Gamma Process (NGP) Model

The cumulative density function (cdf) of T for the NGP(α(t), β, p) is

FT (t) = P (T ≤ t) = P

mt∑
j=1

Zj ≥ ω


=

mt∑
k=0

P
mt∑
j=1

Zj ≥ ω
∣∣∣ |δ∗|2 = k

P
(
|δ∗|2 = k

)
=

mt∑
k=0


∑

i1,i2,...,ik∈{1,2,...,mt}
|δ∗|2=k

ΓI

ω

β
,
k∑
j=1

∆α(tij )

 (1− p)kpmt−k

 .

For given t > 0, we have mt = sup{j|tj < t}+ 1, tmt = t,
Zmt = Y (t)− Y (tmt−1) and δ∗mt ∼ Ber(1− p) on interval (tmt−1, t ].

|δ∗|2 =

mt∑
j=1

δ∗2j , ΓI(s, t) =
∫∞
s yt−1e−ydy, ∆α(tj) = α(tj)− α(tj−1).
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Non-decreasing Gamma Process (NGP) Model

The qth quantile of T can be numerically obtained via tq = F−1
T (q).

The MTTF (mean-time-to-failure) can be obtained by the Monte
Carlo method (Meeker and Escobar, 1998).
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

Non-homogeneously
Non-decreasing Gamma Process

(NNGP) Model
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Non-decreasing Degradation Data Analysis on Gamma Process

Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

Fatigue degradation path and proportion of zero-increment.

* Measuring frequency is too high.
* Measuring instrument is not precise.
* The non-decreasing phenomenon usually occurs in the early period.
* The decay will be violent with the experiment tested time.

We take the probability p to be a function of time t and then
construct the non-homogeneously non-decreasing gamma
process (NNGP) model.
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

NNGP(α(t), β, p(t))

Suppose the degradation process Y (t) follows the NNGP model, then

1. Y (0) = 0,

2. Zj = Y (tj)− Y (tj−1) ∼ f NN
j (z),

3. {Y (t)} has independent increment,

where Zj follows a mixture distribution with

f NN
j (z) = p(tj)I{z=0} + (1− p(tj))

z∆αj−1e−z/β

β∆αjΓ(∆αj)
I{z>0},

and ∆αj = α(tj)− α(tj−1).
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

Suppose n degradation paths are independent each other. Let yi,j
represent the observation at time ti,j , for j = 1, . . . ,mi, i = 1, . . . , n with
zi,j = yi,j − yi,j−1. Define

δi,j =

{
1, zi,j > 0,
0, zi,j = 0.

Suppose the observation {yi,j ,∀i, j} follow the NNGP (α(t), β, p(t)), then
the total likelihood function can be derived as

L(θ|y) =

n∏
i=1

mi∏
j=1

(p(ti,j))
1−δi,j

[
(1− p(ti,j))

z
∆αi,j−1
i,j e−zi,j/β

β∆αi,jΓ(∆αi,j)

]δi,j
,

where y = {yi,j , i = 1, . . . , n, j = 1, . . . ,mi}, ∆αi,j = α(ti,j)− α(ti,j−1).
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

Consider α(t) = atb and p(t) = cht (depend on case study), the
unknown parameter vector for the NNGP (atb, β, cht) model is
θ = (a, b, β, c, h). The MLEs for θ can be obtained as follows.

β: analytical form
c: solving a equation
{h, a, b}: numerical optimization

β̂ and ĉ can be obtained by

n∑
i=1

mi =

n∑
i=1

mi∑
j=1

δi,j
1− ĉhti,j

,

β̂ =

∑n
i=1

∑mi
j=1 δi,jzi,j∑n

i=1

∑mi
j=1 δi,j∆α̂i,j

,

where ∆α̂i,j = â(tb̂i,j − tb̂i,j−1).
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

The reliability inference for the NNGP (α(t), β, p(t)):

The product’s lifetime T is denoted by

T = inf{t|Y (t) > ω}

Suppose {Y (t)} follows the NNGP(α(t), β, p(t)), and
Zj = Y (tj)− Y (tj−1), for j = 1, . . . ,m, then the corresponding
indicator function δ

′
j is

δ′j =

{
1, with probability 1− p(tj),
0, with probability p(tj).
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Non-homogeneously Non-decreasing Gamma Process (NNGP) Model

The cdf of T for the NNGP(α(t), β, p(t)) is

FT (t) = P (T ≤ t) = P

mt∑
j=1

Zj ≥ ω


=

mt∑
k=0

P
mt∑

j=1

Zj ≥ ω
∣∣∣ |δ′|2 = k

P (|δ′|2 = k
)

=

mt∑
k=0


∑

i1,i2,...,ik∈{1,2,...,mt}
|δ′|2=k

ΓI

ω
β
,

k∑
j=1

∆α(tij )

 k∏
j=1

(1− p(tij ))

mt∏
s=1

s 6=i1,i2,...ik

p(ts)

 .

where δ′mt ∼ Ber(1− p(t)) on interval (tmt−1, t ] and |δ′|2 =

mt∑
j=1

δ′2j .

The qth quantile of T can be numerically obtained via tq = F−1
T (q).

The MTTF (mean-time-to-failure) can be obtained by the Monte
Carlo method (Meeker and Escobar, 1998).
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Non-decreasing Degradation Data Analysis on Gamma Process

Simulation Study

NGP Simulation:

For the NGP (atb, β, p),

1. (a, b, β, p) = (2, 1.28, 0.36, 0.05)
2. sample size n = 30
3. measured frequency m = 15
4. pre-specified threshold ω = 15
5. quantile tq under q=0.01, 0.05, 0.1, 0.5
6. bootstrap resampling number B = 2000
7. 100 simulation runs
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Simulation Study
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Non-decreasing Degradation Data Analysis on Gamma Process

Simulation Study

NNGP Simulation:

For the NNGP (atb, β, cht),

1. (a, b, β, c, h) = (2, 1.28, 0.36, 0.77, 0.78)
2. sample size n = 30
3. measured frequency m = 15
4. pre-specified threshold ω = 15
5. quantile tq under q=0.01, 0.05, 0.1, 0.5
6. bootstrap resampling number B = 2000
7. 100 simulation runs
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Simulation Study
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Non-decreasing Degradation Data Analysis on Gamma Process

Simulation Study

Comparison Analysis:

Generate GP, NGP and NNGP models simulation data to apply to
NGP and NNGP models.

1. parameter settings are given in the following tables
2. sample size n = 30
3. measured frequency m = 15
4. pre-specified threshold ω = 15
5. quantile tq under q=0.01, 0.05, 0.1, 0.5
6. bootstrap resampling number B = 2000
7. 100 simulation runs
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Simulation Study
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Simulation Study
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Simulation Study
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Simulation Study
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Simulation Study
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Case Study
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Case Study

The real data is fatigue crack growth data taken from Wu and Ni
(2003). The observed QC was the crack size (mm). There were 30
tested samples for fatigue crack development, and each measurement
was recorded every 5,000 cycles. The initial crack size was 18 mm
and the failure threshold was determined to be 33 mm. By taking
y∗i,j = yi,j − 18, then the new threshold is ω = 15 mm.
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Case Study

For the function p(t), we attempted to fit the proportions via the
power law function p(t) = cth or log-linear function p(t) = cht.
Based on the R2 (84.84% > 72.34%), we adopted the log-linear
function p(t) = cht to the NNGP (atb, β, cht) model.
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Case Study
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Case Study

For model checking, we used the pseudo failure time (PFT, Meeker
and Escobar (1998)) as the baseline to diagnose the goodness of fit.
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Case Study
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Case Study
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Case Study

In addition, the likelihood-ratio test (LR-test) is also used to make a
further comparison between the NGP and NNGP models. Based on
p(t) = cht, then the hypothesis testing is given by

H0 : h = 1 (NGP model) v.s. H1 : h 6= 1 (NNGP model).

We have

χ2 = −2
(

ln L̂NGP − ln L̂NNGP

)
= −2(396.8275− 427.9180) = 62.181 > 3.8415 = χ2

0.05(1)

to reject H0 (NGP model). We can conclude that the NNGP model is
more suitable model to analyze this non-decreasing degradation data.
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Conclusion
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Conclusion

For the high-reliability product, degradation analysis is a commonly
used tool to predict product’s lifetime.

For the zero-increment degradation path, we propose the
non-decreasing degradation model (NGP and NNGP models) to make
the reliability inference.

Simulation study and case study reveal that our proposed models can
provide a well the goodness of fit and reliability prediction. The
NNGP model can provide a better fit for this motivated
non-decreasing degradation data.
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For the future work,

* unit-to-unit variation (heterogeneity)

* non-decreasing inverse Gaussian process model

* non-homogeneously non-decreasing inverse Gaussian process model

* nonparametric approach for for p(t):
(p1, . . . , pm) are set to be the unknown parameters

* measuring threshold for increment:
set pj = P (Y (tj)− Y (tj−1) ≤ ω0)
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Conclusion

Thank you!
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